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High efficiency phase flattening based Laguerre-Gauss (LG) spectrometer using
variable focus lenses
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We propose a novel high-efficiency no-moving-parts Laguerre-Gauss (LG) spectrometer using two
variable focus lenses and a variable sized pinhole that overcomes the limitations of the classical,
projective, phase flattening technique for measuring the Laguerre-Gauss (LG) spectrum of light
beams. Simulation results show that the coupling losses are virtually zero and the only losses are
ring losses which are mode-dependent but beam waist-independent. Hence, the detection efficiency
for all modes is simultaneously the maximum possible irrespective of the beam waist of the LG
modes chosen for the decomposition. The losses can also be easily pre-calibrated to remove the
efficiency bias amongst different modes.
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Recently, there has been a lot of interest in the use
of Laguerre-Gaussian (LG) beams carrying orbital angu-
lar momentum (OAM) [1] for both free-space [2], and
fiber [3] communication. Various methods have been
proposed to measure the OAM of a single photon [4–
6] as well as the OAM spectrum of light beams [7–9].
The measurement of LG spectrum of an unknown beam,
though, remains tricky and direct methods such as pro-
jective phase-flattening [10] and then coupling into a sin-
gle mode fiber (SMF) have their limitations [11]. In this
paper, we address some of the limitations of the projec-
tive phase-flattening approach using electronically con-
trolled variable focus lenses. Such variable focus lenses
have been used in a number of applications [12].
The projective phase-flattening approach works by
projecting an unknown, incoming beam onto a conju-
gate Laguerre-Gaussian (LG) mode using a phase spa-
tial light modulator (SLM). A Fourier lens is then used
to take the Fourier transform of the resultant field at the
phase SLM in the focal plane of the lens. This Fourier-
transformed field is then coupled into a single-mode-fiber
(SMF). If the input beam contains that particular mode,
then the helical phase of the input beam is completely
canceled and the Fourier-transformed field has a central
bright spot similar to a Gaussian with a ringed intensity
pattern around it. The central bright spot can then cou-
ple into an SMF as the SMF supports only the TEM00
mode which is also similar to a Gaussian. The process is
repeated for different modes to determine the complete
LG spectrum.
The limitations of this approach are highlighted in Ref.
[11]. Firstly, the detection efficiency into the SMF varies
from mode to mode and also with the selected value of
beam waist w0 of the LG mode (see Ref [11], Fig. 2).
The maximum possible detection efficiency for all the dif-
ferent possible modes is not obtained for one particular
value of w0, which implies that all modes cannot opti-
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mally couple into the SMF simultaneously. Moreover,
for a particular value of w0, the detection efficiency de-
creases with mode order thus limiting the bandwidth of
the measured OAM spectrum. Ideally, the choice of w0
should be such that it gives high enough detection effi-
ciencies for all modes. Secondly, the radial decomposition
of the beam depends upon the value of the beam waist
w0 chosen for the modes. Optimal choice of the beam
waist is the one that gives the minimum number of ra-
dial modes. However, that cannot be known a priori for
an unknown incoming beam. Finally, since the detection
efficiency is both mode as well as beam waist-dependent,
to determine the complete OAM spectrum, there is a
need to post-process the measured data to remove the
bias in detection efficiencies.
Figure 1 shows our proposed design for measuring
FIG. 1. Proposed design to measure the LG spectrum of an
unknown, incoming beam.
the LG spectrum of an unknown, incoming beam. The
main idea is to modify the classical projective, phase-
flattening approach so that the detection efficiencies are
beam waist-independent and are always at their maxi-
mum possible values. This is achieved by eliminating
coupling losses via the use of two variable focus lenses
and a variable-sized pinhole [13]. In Fig. 1, the phase
SLM projects the incoming unknown beam on a conju-
gate LG mode while lens B takes the Fourier transform
of the resultant beam exactly as before [10]. If there is a
mode match with the incoming beam, then in the Fourier
plane of lens B, the resultant beam would have a central
2bright spot with a ringed intensity pattern. The fraction
of power present in the central region is independent of
the beam waist of the LG mode as changing the beam
waist only magnifies/de-magnifies the pattern (see Fig.
2). An amplitude SLM functioning as a variable-sized
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FIG. 2. Cross-section of the intensity at the focal length of
lens B for different beam waists and fixed p = 0 and l =
4. The number of radial singularities is not affected by the
beam waist, but the size of the central region increases with
a decrease in the beam waist of the LG mode. Normalized
units are used for all quantities.
pinhole selects only the central bright Gaussian-like part
of the beam in case of a mode match with the incom-
ing beam. The use of the pinhole is important to ensure
that the beam becomes Gaussian-like so that it will stay
as a Gaussian on passing through the two variable focus
lenses and the microscope objective lens before coupling
into the SMF. This Gaussian-like beam is then mode-
matched to the SMF using two-variable focus lenses and
the microscope objective lens. We show that this system
makes the coupling losses into the SMF go to virtually
zero for all modes. The reason that the coupling losses
go to zero is that not only the transverse field ampli-
tude but also its phase curvature is matched to the fiber
mode. Note that no extra intensity is blocked by the
pinhole compared to before as the intensity in the outer
rings did not couple into the SMF in any case [11]. The
detection efficiency for all modes then is beam-waist in-
dependent and simultaneously the maximum possible.
An LG mode can be characterized by two indices l
and p, which represent the azimuthal number and radial
index of the beam respectively. Different LG modes are
mutually orthogonal and form a complete set of solutions
to the paraxial wave equation. The mode can be mathe-
matically represented by Eq. 1 at the pupil:
LGp,l(r, φ) =
√
2|l|+1p!
piw20(p+ |l|)!
(
r
w0
)|l|
e
− r2
w2
0 L|l|p
(
2r2
w20
)
e−ilφ
(1)
where r is the radial coordinate, φ is the azimuthal angle,
w0 is the beam waist radius at the pupil and L
|l|
p (.) is the
generalized Laguerre polynomial.
This mode is projected on to a possibly different conju-
gate LG mode LG∗p′,l′ using the phase SLM. The chosen
beam waist radius of this conjugate mode gives the w0 for
the decomposition of the unknown incoming beam. The
resulting field is Fourier-transformed in the focal plane of
lens B. The phase SLM is placed in the front focal plane
of lens B, so that the field in the back focal plane of lens
B is given by a 2-D Fourier transform. The field in the
back focal plane of lens B is then given by [11]:
F(ρ, ϕ) = FT [LGp,l(r, φ)LG
∗
p′,l′(r, φ)] (2)
where FT stands for the 2-D Fourier transform and ρ and
ϕ are the transverse coordinates in this plane. If we get a
mode match with the incoming beam i.e. p = p′ and l =
l′, the Fourier transform gives a central bright Gaussian-
like beam in the back focal plane of lens B. The resultant
phase-flattened beam is cylindrically symmetric in the
plane of the phase SLM (and remains so throughout the
system), therefore we can reduce Eq. 2 to the 1-D Hankel
transform of order zero [14]:
F(ρ, ϕ) = 2pi
ei2kfB
iλfB
∞∫
0
r|LGp,l|
2J0
(
2pi
λfB
rρ
)
dr (3)
where λ is the wavelength of the light, k = 2pi/λ, fB is the
focal length of lens B and J0(.) is the Bessel function of
the first kind of order zero. If there is a mode mismatch,
we do not get a central maximum at the amplitude SLM
and the beam does not couple efficiently into the SMF
as our simulations later show. Some examples of what
the beam looks like in this plane when there is a mode
match are given in Ref. [11], Fig. 1 for different values
of p and l. Some power moves to the outer rings as both
p and |l| increase. The power present in the outer rings
cannot couple into the SMF.
The pinhole placed in the back focal plane of lens B,
truncates the field at the first zero (see Fig. 2) and allows
only the central Gaussian-like region to pass through.
The size of the pinhole needs to be variable to cater for
different modes and w0’s chosen for the decomposition.
Hence, we use an amplitude SLM functioning as this vari-
able sized pinhole. Besides constant parameters such as
the wavelength of light λ and the focal length of lens B,
fB, the radius of this variable-sized pinhole, s, completely
depends upon the p and l values of the mode under con-
sideration and the w0 chosen for the decomposition and
is therefore, set in conjunction with the phase SLM. The
field after the amplitude SLM is given by:
E0(ρ, ϕ) = F(ρ, ϕ)circ(s) (4)
where s is a function of p, l and w0 and circ(s) is the 2-D
circle function which has a value of unity for ρ < s and
zero otherwise.
The resulting field E0 then propagates through two
variable focus lenses with focal lengths f1 and f2 and to
couple into the SMF via the microscope objective lens.
3Ideal coupling into the SMF depends on matching both
the size of the beam and its phase curvature to that of
the SMF mode. We, therefore, need to have two inde-
pendent parameters that we can vary in order to control
both the size and phase curvature of the beam. In this
case, these two parameters are f1 and f2. The field at
the SMF is given by repeated application of the Fresnel
diffraction integral. For example, if the field just after
lens C is given by E1(ρ
′, ϕ′), where ρ′ and ϕ′ are trans-
verse plane coordinates, then the field E2(ρ, ϕ) just after
lens D, where ρ and ϕ are transverse plane coordinates,
is given by [15] (in cylindrical coordinates):
E2(ρ, ϕ) = −
ik
d
eikdei
kρ2
2d e
−i kρ2
2f2
 ∞∫
0
ρ′E1(ρ′, 0)ei
kρ′2
2d J0
(
kρρ′
d
)
dρ′

 (5)
where d is the separation between the lenses, λ is the
wavelength of the light and k = 2pi/λ. In the same way,
the field E1 starting from the field E0 at the pinhole and
the field E3 at the SMF starting from the field E2 after
lens D may be calculated.
The power coupled into the SMF is given by the over-
lap integral of the incoming field E3(ρ, ϕ) with that of
the fiber mode which can be approximated by a Gaus-
sian. Expressing this integral in cylindrical coordinates
and making use of the inherent cylindrical symmetry due
to phase-flattening, the coupling efficiency is given by
[16]:
ηc =
2
piσ2
∣∣∣∣∞∫
0
ρE∗3 (ρ, 0)e
− ρ2
σ2 dρ
∣∣∣∣
2
∞∫
0
ρ |E3(ρ, 0)|
2
dρ
(6)
where σ is the beam waist radius of the SMF mode.
To find the values of the focal lengths, f1 and f2, of
the two variable focus lenses in order to maximally cou-
ple the field E1 after the pinhole into the SMF, we use
the ABCD matrix approach [17]. The field E1 can be
approximated with a Gaussian with radius w1 taken to
be the point where the field drops to 1/e of its maximum
value. Just like the size of the pinhole s, w1 is also com-
pletely determined by p, l and w0. The q-parameter [17]
of this input Gaussian is then given by:
q1 =
ikw21
2
(7)
The ABCD matrix for the system is given by:
[
A B
C D
]
=
[
1 fm
0 1
] [
1 0
−1
fm
1
] [
1 d2
0 1
] [
1 0
−1
f2
1
]
[
1 d
0 1
] [
1 0
−1
f1
1
] [
1 d1
0 1
]
(8)
where d1 is the distance from the pinhole to lens C, d2 is
the distance from lens D to the microscope objective and
fm is the focal length of the microscope objective used to
couple the beam into the SMF. The q-parameter of the
beam at the fiber needs to conform to the beam waist
radius of the fiber mode, σ, and is then given by:
q2 =
ikσ2
2
=
Aq1 +B
Cq1 +D
(9)
The only two unknowns in Eq. 9 are f1 and f2. By
equating the real and imaginary parts on both sides of
Eq. 9, we can find the values of f1 and f2 required for
ideal coupling. Some design considerations and an ex-
perimental demonstration for such a two-lens coupling
system are given in [18].
Simulations are carried out to test the proposed Fig. 1
design for different values of w0, l and p and calculating
the detection efficiencies η for the optimal choice of pa-
rameters s, f1 and f2. The values of the fixed parameters
of the system are taken as follows: λ = 500 nm, fB = 50
cm, d1 = 10 cm, d = 20 cm, d2 = 10 cm, fm = 10 mm
and σ = 5 µm.
Figure 3 shows the mode cross-section results for the
p = 0, l = 1 beam when w0 = 0.40 mm at different
planes along the z-axis. We have normalized the ρ axis
by a0 =
√
2λfB
piw0
, the natural scaling factor in the far field
of lens B [11]. In case of a mode match at the phase
SLM with the incoming beam, i.e. p = p′ and l = l′, the
mode just before the amplitude SLM is given in Fig. 3a
as determined from Eq. 3. The first zero of this mode
is at ρ = a0 = 0.282 mm. The radius of the variable-
sized pinhole on the amplitude SLM is therefore set to
s = 0.282 mm in Eq. 4. Next, the values of f1 and f2
are determined using the ABCD matrix approach given
in Eqs. 7-9. The value of w1, where the intensity drops
to 1/e2 of its maximum value, in Eq. 7 is found to be
w1 = 0.185 mm. Using Eq. 7 and 8, the values of f1
and f2 are determined to be f1 = 7.31 cm and f2 = 12.5
cm. Fig. 3b shows the intensity profile of this truncated
beam as it progresses through the system (till the mi-
croscope objective), obtained using three applications of
the Fresnel diffraction integral, such as the one given in
Eq. 5, using these values of f1 and f2. The correspond-
ing phases are shown in Fig. 3c. Note that since the
variable-sized pinhole truncates the beam at s = a0, the
phase of the beam right after the pinhole is undefined
for all ρ > a0. Fig. 3d shows the intensity profile of the
mode, after passing through the entire system (including
the microscope objective), at the plane of the SMF over-
lapped with the target mode of the SMF. Similarly, Fig.
3e shows the phase profile of the mode at the plane of
the SMF. This is again achieved by another application
of the Fresnel diffraction integral. Notice that the phase
of the transverse field at the plane of the SMF is virtually
constant. Consequently, the coupling efficiency between
the two, as given by Eq. 6, is found to be ηc = 0.98.
The only other loss in the system is due to truncation of
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FIG. 3. Propagation of p = 0, l = 1 mode through the system.
(a) Mode intensity just before the amplitude SLM. (b) Mode
intensity at different planes through the system. (c) Phase
profile (in units of pi) at different planes through the system.
(d) Overlap of the mode intensity at the SMF with the fiber
mode. (e) Phase profile of the mode at the SMF.
the beam at the pinhole. The fraction of power trans-
mitted at the pinhole, ηp, is found to be ηp = 0.86. The
detection efficiency for the p = 0, l = 1 mode is hence,
found to be η = ηpηc = 0.85. Note that this is exactly
equal to the corresponding maximum theoretical value of
the detection efficiency for p = 0, l = 1 mode given in
Ref. [11]. If we choose a different value of w0 for the de-
composition of the incoming beam, such as w0 = 1 mm,
then the corresponding optimal parameters are found to
be s = a0 = 0.113 mm, f1 = 4.93 cm and f2 = 11.9
cm whereas the detection efficiency is again found to
η = ηpηc = 0.86× 0.99 = 0.85. Note that the fraction of
power contained in the central bright spot, ηp, remains
the same for both cases while the coupling efficiency, ηc,
varies only slightly. Therefore, as predicted, the overall
efficiency remains the maximum possible irrespective of
the choice of w0.
The simulation results for a higher-order mode p = 2,
l = 5 and w0 = 0.40 mm mode are shown in Figure 4.
As before, the ρ axis has been normalized by a0. In this
ρ
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FIG. 4. Propagation of p = 2, l = 5 mode through the system.
(a) Mode intensity just before the amplitude SLM. (b) Mode
intensity at different planes through the system. (c) Phase
profile (in units of pi) at different planes through the system.
(d) Overlap of the mode intensity at the SMF with the fiber
mode. (e) Phase profile of the mode at the SMF.
case, the optimal choice of parameters are found to be
s = 0.44a0 = 0.124 mm, f1 = 4.94 cm and f2 = 12.3 cm
whereas the detection efficiency is found to η = ηpηc =
0.60×0.98 = 0.59. The coupling losses are again virtually
5zero as the transverse field phase is virtually constant at
the plane of the SMF. The detection efficiency, however,
is much lower compared to the p = 0, l = 1 mode due to
more power moving to outer rings.
Table I shows the optimal values of the various param-
TABLE I. Optimal parameters and detection efficien-
cies for different modes
Mode w0 s f1 f2 ηp ηc η
(p,l) (mm) (mm) (cm) (cm)
(0, 0) 0.6 0.375 7.37 12.5 1.00 1.00 1.00
(0, 0) 0.8 0.281 6.10 13.2 1.00 1.00 1.00
(0, 4) 0.6 0.106 4.93 12.0 0.59 0.97 0.58
(0, 4) 0.8 0.080 5.04 10.6 0.59 0.98 0.58
(1, 4) 0.6 0.096 4.96 11.3 0.63 0.98 0.62
(1, 4) 0.8 0.072 5.15 9.88 0.63 0.98 0.62
(2, 6) 0.6 0.077 5.10 10.2 0.58 0.98 0.57
(3, 2) 0.6 0.096 5.01 10.8 0.61 0.99 0.60
eters along with the corresponding detection efficiencies
for some selected modes. It shows that the fraction of
power in the central bright region, ηp, indeed remains
constant with w0 for different modes (p, l). It also shows
that the coupling efficiency, ηc, remains above 0.97 in all
cases.
Figure 5 shows that the detection efficiency, η, for each
ω
0
 (mm)
0.3 0.5 0.7 0.9 1.1
η
0
0.2
0.4
0.6
0.8
1
l=0
l=1
l=2
l=3
l=4
l=5
l=6
(a)
ω
0
 (mm)
0.3 0.5 0.7 0.9 1.1
η
0
0.2
0.4
0.6
0.8
1
l=0
l=1
l=2
l=3
l=4
l=5
l=6
(b)
ω
0
 (mm)
0.3 0.5 0.7 0.9 1.1
η
0
0.2
0.4
0.6
0.8
1
l=0
l=1
l=2
l=3
l=4
l=5
l=6
(c)
FIG. 5. Detection efficiency, η, for different modes against
w0, the beam waist chosen for the decomposition (a) p = 0
(b) p = 1 (c) p = 2.
mode remains virtually constant, as predicted, for differ-
ent values of the beam waist w0, chosen for the decompo-
sition. The actual value of η remains the maximum pos-
sible for all modes simultaneously including higher-order
modes. Thus, the efficiency curves of Ref. [11], Fig. 2
are effectively flattened at their peak values. The effi-
ciency bias between different modes, therefore, remains
constant which may be easily pre-calibrated.
If there is a mode mismatch between the incoming
beam and the conjugate LG mode projected on the phase
SLM, the detection efficiency is virtually zero. For exam-
ple, an incoming mode (p, l) = (1, 4) with beam waist 0.6
mm is projected onto the conjugate mode (p′, l′) = (0, 4)
with w0 set at 0.6 mm and the corresponding parame-
ters selected from Table I as s = 0.106 mm, f1 = 4.93
cm and f2 = 12.0 cm. The beam at the SMF plane af-
ter passing through the system overlapped with the tar-
get SMF mode is shown in Figure 6. Figure 6a com-
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FIG. 6. The case when an incoming mode (p, l) = (1, 4) mode
is projected onto a (p′, l′) = (0, 4) mode. (a) Intensity profile
before and after truncation at the variable-sized pinhole. (b)
Overlap of the mode intensity at the SMF with the fiber mode.
(c) Phase profile of the mode at the SMF.
pares the beam intensity just before the pinhole with
the intensity just after the pinhole. In this case, the
fraction of the power transmitted through the pinhole is
ηp = 0.18, which causes the detection efficiency to fall
down to η = ηpηc = 0.18× 0.45 = 0.08. It can therefore
be concluded that the cross-talk between different modes
is virtually non-existent. It is interesting to note that in
Figure 6c, the phase of the beam at the SMF varies by
6more than pi, hence causing the coupling efficiency, ηc, to
fall as well. This is in contrast to the mode-match sit-
uations of Figures 3e and 4e where the phase curvature
was almost flat and ηc was as high as 0.98.
We have shown that in a projective LG measurement,
maximum possible detection efficiency can be achieved
for all the modes simultaneously using our proposed LG
spectrometer. In particular, higher-order OAM modes
can also be detected with high efficiency comparable to
lower order modes. Future work would focus on an ex-
perimental demonstration of the proposed design.
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